Structure of a point heat source near an interface  by Singh, H.P. et al.
Comput. Math. Applic. Vol. 14, No. 8, pp. 623-627, 1987 0097-4943/87 $3.00+0.00 
Printed in Great Britain. All rights reserved Copyright © 1987 Pergamon Journals Ltd 
STRUCTURE OF A POINT HEAT SOURCE 
NEAR AN INTERFACE 
H. P. SrNGH, D. D. TRIPATHI and R. B. MISHRA 
Department of Mathematics, Faculty of Science, Banaras Hindu University, Varanasi-221005, India 
(Recewed29 May 1987) 
Communicated by E. Y. Rodin 
Abstract--An asymptotic solution of a hydromagnetic flow problem near a point heat source, which is 
governed by the Oseen Boussinesq approximation, is presented. Two cases are discussed inparticular, one 
which involves a motion of the heat source beneath a free surface and other near a rigid boundary. The 
thermal boundary conditions on these two interfaces are assumed to be that of the mixed Cauchy type. 
Closed form expressions are obtained for the temperature fi ld distributions in the fluid. The general 
solution thus obtained is illustrated by calculating both the thermal and kinematic signatures on the free 
surface for some particular cases. 
1. INTRODUCTION 
In this paper we consider the steady motion of a point heat source below and parallel to an 
• interface---either a plane boundary or a free surface--in a medium which is otherwise at rest. The 
point heat source is moving with a constant speed U at constant depth y = h below the interface. 
The rate of heat production by the source is small and thus the thermal plume can be termed as 
a weakly buoyant plume. In this sense the problem may be considered as a perturbation in a 
hydromagnetic medium at rest. As a result of the temperature field and fluid motion induced by 
the moving heat source, the interface will be deflected in the case of a free surface boundary. The 
motivation for this study is the search for a theoretical model which will determine the 
characteristics of submerged pollutants in the ocean in the presence of an ambient current, by their 
thermal or kinematic signatures on the free surface. 
The mixed convection problem of a weakly buoyant plume in the presence of an ambient current 
has been previously studied by Afzal [1], Wood [2] considered a stationary two-dimensional line 
heat source place in an oncoming vertical stream, Singh and Singh [3], Singh et al. [4, 5] ana- 
lyzed the buoyant plume induced by a point source in a free stream. The present study, on 
the other hand, considers the influence of both a rigid wall or a free surface on the plume 
characteristics. 
2. MATHEMATICAL  FORMULATION 
The equations governing the steady convective laminar hydromagnetic flow, when density is 
slightly varying function of temperature are 
V.~ =0 
p(fi .V)fi + Vp = -pgf lOj  + kt'Wfi + #VxlrlxH 
Cdu . V)0 = k V20 
Vx(fix/7) = 0 
V./~ =0,  
where p = fluid density; p = fluid pressure; fi = velocity vector; 
k = thermal conductivity;/~' = dynamic viscosity;/~ = magnetic permeability; Cp = specific heat at 
constant pressure;/1 = thermal expansion coefficient and j = unit vector in y direction. Let U, the 
velocity of the flow at upstream infinity, be the velocity scale, h be the length scale, U z be the 






/-7 = magnetic field vector; 
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reference pressure and A0 = Q/pUh2Cp be the reference temperature, p*  =p + ½1,tH 2 is the total 
pressure. According to Suryananarayan [6], the magnetic field acts along the fixed direction, 
denoting dimensionless quantities, the dimensionless form of equations (1-3) are 
V.fi =0,  
(fi" V)u + p*  = - EOj + 1 V2u, 
1 
(u. V)0 = ~ V20. (6) 
Here 2 = Uh/2v  is the Reynolds number, a = I~Cp/k is the Prandtl number, ~ = ~gO/pU3h2Cp 
which is a measure of the ratio between buoyancy and intertial forces. 
A perturbation solution for small E for this system of coupled non-linear equations will next be 
presented. The analysis is valid for wide range of the parameters h and U provided that the heatrate 
production of the point source is small, hence it is assumed that/~A0 << 1 or 
Uh2>> f fQ  (7) 
c. 
The solution of the non-linear field equation (6) is sought in the far field at a distance from the 
heat source which is larger than the diffusive length for which the Oseen approximation may be 
employed in the linearization of the magneto-hydrodynamical equations. Hence, for a finite yet 
small E, the following asymptotic expansions are assumed for the velocity, pressure, temperature 
and for the free-surface elevation: 
u=l+eUl+e2u2+. . . ,  v = evl + eZv2 + . . . , w = ew~ + E2w~ + . . . , 
p*=p*+E2p*+" ' ,  O=Oo+EO~+~2Oz+ . ' ' .  (8) 
Substituting the above in equation (6) yields the following first-order system of linear equations 
for Ul, Pl and 00, [ul = ul (ul, vl, wl)]: 
V.ut = 0; (9) 
Oul 1 -- --Vp~ + ~-~ V2Ul - - jO0" ~ (10) 
0x AA 
O00 1 
Ox - 22a V20°" (11) 
3. THE SOLUTION FOR THE ZEROTH-ORDER TEMPERATURE FIELD 
Let the zerotb-order temperature field be given by 
00 = 00.s + 00.,, (12) 
where 00, is the singular part which also accounts for the fact that the origin is not at the source, 
2¢ 
00.s = -~ e-~O(R1 - x), (13) 
where 
R~ = x 2 + (y -- 1) 2 + z 2. 
This solution satisfies the field equation for the temperature field (11) and vanishes at large 
distances from the source, 
2 000, v Oo,,- = 0, (14) 
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must satisfy the interface boundary conditions 
aOo.r (000, ) 
-~--y + b00,, =- \ - -~"  + b00,, at y=0.  (15) 
It was found convenient for the present case to first solve the problem in the Fourier-transform 
plane, where the double Fourier-transform is defined by 
1 _I_I e -i~-i#z dx Oo(Ct, y, fl) = ~ Oo(x, y, z) dz (16) 
with inverse 00 is given by 
Oo(x,y, z) = 1/2rt ~fOo(ot, y, fl] ei=+iPz dx dfl. (17) 
In the transformed plane equation (14) becomes 
d200., 
dy 2 720o,, =0 (18) 
With an equivalent boundary condition 
d0O.,dy (d00, ) +bOo,,=-k-~y" +bOo. ~ aty=0,  (19) 
where 
72 __ ~t2 + f12 + 2i (20) 
The solution of equation (18) which vanishes for y ~ oo is 
00., = F(~t, f l )  e -ry (21)  
since real part of 7 is always positive for real ~, ft. The Fourier-transform of the singular part 
equation (13) is thus 
2a 
00,s = ~ e -I~1~, (22) 
which when substituted in equations (19) and (20), yields 
2tr ?+b 
F(~, fl) = - -  - -  e-L (23) 
2ny y - b 
The resulting expression for the zeroth-order temperature fi ld is thus 
. . x  ,f;o, ] 
= l - -e -  ~( ,- )+- -  +b e_O +m+i(~,+#z)do t dfl (24) Oo(x,y,z)  LR, 2= ~o-y-b ' 
which may also be expressed as 
AaF1 a 'x  1 f,~ 1 = l - -e -  "( ,- ) + - - e -a'(R2-x) - 2b e -b°-r)-(R~-x) dt' (25) Oo(x, y, z) -~ LR~ R2 
where 
R2=(x2+z2+t2) 1/2, t=( l+y) ,  
R~ = (x 2 + t~ 2 + z2) I/2. (26) 
The above representation has been obtained by utilizing the double Fourier-transform (22) of 
the singular part of (13). A similar expression has been derived by Van Roosbroeck [7] in study- 
ing the transport properties of semi-conductors by employing the Riemann-Stieltjes integral 
representation to the corresponding time-dependent Green's function of the diffusion equation for 
a semi-finite space with radiation at the boundary for the two limiting cases namely an isothermal 
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Fig. 1. Isotherms of 0 0 for the isothermal case (b ~ - oo) and )./> 10 projected on the z = 0 plane. 
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Fig. 2. Isotherms of 00 for the isotherm case (b --, - oo) and 2 /> 10 projected on the z = 1.0 plane. 
interface (b - ,  - oo) and an adiabatic interface (b = 0), equation (25) renders 
2(7 r 1 -~(R l ~,R x) -I Oo(x,y,z)= L e l (27) 
Here, the upper sign corresponds to the isothermal (b - - , -  ~)  case and the lower sign to the 
adiabatic (b = 0) case. 
The numerical solution of equation (25) is depicted in Figs 1-4 and describes the temperature 
field pattern as viewed in the direction of z-axis for the typical planes z = 0 and z = 1. When plotted 
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Fig. 3. The surface thermal signature of  00 in the adiabatic 
case (b ---0) and for ~ = 10. 
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Fig. 4. The surface thermal signature of  00 for a mixed 
temperature boundary condit ion b = 1.0 and for ,l = 1. 
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as a function of x/2, the zeroth-order temperature field is identical over most of the domain of 
interest, except for values of Ix[ <2 and y '+ze< 1. 
Another interesting feature of this solution is that by imposing an isothermal boundary condition 
on the interface, the temperature field indicates a downward inclination of the plume Figs 1 and 
2. The only way to trace such a plume on the interfaces is by its kinematic singularity, namely 
deflection of a free surface or by a pressure disturbance induced on a rigid boundary. 
In the non-isothermal case (b # -oo)  the thermal signature on t the interface can be also 
calculated and is shown in Figs 3 and 4. 
4. D ISCUSSION 
An asymptotic solution is constructed in this paper for a laminar hydromagnetic plume induced 
by a moving point source below an interface. An analytic solution for the temperature field are 
derived in the Fourier-transform plane. This solution is obtained for a general Cauchy-type 
boundary condition for the temperature on the interface, and predicts both the kinematic and 
thermal signatures on it for a free surface or a solid boundary. In contact with the transform plane, 
in which a complete analytic solution for this problem is presented, the solution in the physical 
plane is presented for only two relatively simple, yet practical cases: first the general solution of 
the thermal signature on a free surface (y = 0), given in equation (25), is plotted in Figs 3 and 4 
for both adiabatic and mixed thermal boundary conditions. 
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